The protein nuclear magnetic resonance (NMR) structure determination is one of the most extensively studied problems due to its increasing importance in biological function analysis. We adopt a novel method, based on one of the matrix completion (MC) techniques-the Riemannian approach, to solve the protein structure determination problem. We formulate the protein structure in terms of low-rank matrix which can be solved by an optimization problem in the Riemannian spectrahedron manifold whose objective function has been delimited with the derived boundary condition. Two efficient algorithms in Riemannian approach-the trust-region (Tr) algorithm and the conjugate gradient (Cg) algorithm are used to reconstruct protein structures. We first use the two algorithms in a toy model and show that the Tr algorithm is more robust. Afterwards, we rebuild the protein structure from the NOE distance information deposited in NMR Restraints Grid (http://restraintsgrid.bmrb.wisc.edu/NRG/MRGridServlet). A dataset with both X-ray crystallographic structure and NMR structure deposited in Protein Data Bank (PDB) is used to statistically evaluate the performance of our method. By comparing both our rebuilt structures and NMR counterparts with the "standard" X-ray structures, we conclude that our rebuilt structures have similar (sometimes even smaller) RMSDs relative to "standard" X-ray structures in contrast with the reference NMR structures. Besides, we also validate our method by comparing the Z-scores between our rebuilt structures with reference structures using Protein Structure Validation Software suit. All the validation scores indicate that the Riemannian approach in MC techniques is valid in reconstructing the protein structures from NOE distance information. The software based on Riemannian approach is freely available at https://github.com/xubiaopeng/Protein Recon MCRiemman.
Introduction

1
Three-dimensional protein structure plays a vital role in molecular conformation 2 because of both the importance of the protein function and the applications on drug 3 design and disease detection. Protein structures can be determined mainly through 4 delicate experimental methods, including X-ray crystallography, nuclear magnetic 5 resonance (NMR), Cryo-electron microscopy(cryo-EM) and so on. Different from 6 single-crystal X-ray diffraction which has been largely automated, NMR spectroscopy 7 requires skilled manual intervention. However, NMR spectroscopy is an important 8 approach for measuring the 3D structure of proteins in solution under near 9 physiological conditions [1] . 10 The NMR method for protein structure measurement began in 1980s [2] , and its 11 spectroscopy provided a network of distance measurements between spatially 12 proximate hydrogen atoms [3] [4] . The typical NMR-based protein structure 13 determination pipeline involves peak picking from NMR spectra, chemical shift 14 assignment (spectral assignment), assignment of geometric restraints and the 15 structural calculation [5] . More specifically, this method has promoted a need for 16 efficient computational algorithms.
17
One approach to obtain molecular conformations is related to the molecular 18 dynamics and simulated annealing [6] , such as ARIA [45] , CYANA [7] and UNIO [8] . 19 Another approach is to use distance geometry methods [9] where many algorithms 20 such as EMBED [10] , DISGEO [11] , and DGSOL [12] [13] are proposed to interpret 21 the macromolecular conformation based on NMR experimental data.
22
Recently another technology named matrix completion (MC) [14] [15] is a 23 burgeoning topic drawing the attention of many researchers in the field of model 24 reduction [16] , pattern recognition [17] and machine learning [18] . This technology, an 25 offshoot of compressed sensing (CS) [19] [20] , seeks explicitly the lowest rank matrix 26 consistent with the known entries by effective algorithms according to the dependence 27 among matrix elements imposed by the low rank structure [21] . In particular, 28 Jawanpuria et al. [22] whose group leads to a generic framework to the structured 29 low-rank matrix learning problem have succeeded in solving the problem of learning a 30 low-rank matrix through Riemannian approach. In the work of Jawanpuria et al. [22] , 31 the NP-hard rank minimization problem of MC is transferred into an optimization 32 problem based on the Riemannian spectrahedron manifold. In their work, two efficient 33 algorithms-conjugate gradient (Cg) and trust-region (Tr) are proposed and 34 outperform other algorithms in robust.
35
In this paper, we treat the protein structure determination as a low-rank matrix 36 completion problem since the protein structure can be formulated as a low-rank 37 distance matrix. As a result, we can apply the algorithms of the Riemannian theory in 38 determining the NMR-based protein structure. By taking those algorithms, we can 39 avoid the high-dimensional problems and also provide a correct completed distance 40 matrix for the determination.
41
Methods
42
Solution to determinate protein structure 43 The distance between all pairs of atoms in a large molecule can be transformed into a 44 protein distance matrix D with nonnegative entries and zero diagonal [23] , such that:
Where the corresponding coordinates are defined as
product.
49
Consider the Gram matrix G := X T X which is the inner-products of X. Then we
50
conveniently define an operator P(G) equals to D.
The Gram matrix and the Euclidean distance matrix are linearly related by formula
52
Eq (2). Consider the singular value decomposition of G:
where U and V are n × r matrices with orthogonal columns, and the singular values σ i 54 are positive. We then have
The estimation of the atomic coordinates X in the molecule is vital to the NMR by the triangle inequality according to the known elements, for the details see [30] .
93
Riemannian method
94 formulation
95
The Gram matrix G with its rank r can, in principle, be recovered if it is the unique 96 matrix with rank less than or equal to r that is consistent with the data [15] . In other 97 words, the low-rank matrix G can be solved exactly by the following convex 98 optimisation problem even though the measurable entries have surprisingly small 99 cardinality.
Unfortunately, rank minimization is an NP-hard problem for which the practical 101 solutions take doubly exponential computation time. In order to solve this problem,
102
we follow the work of [22] by rewriting formula Eq (5) as an universal formulation for 103 low-rank MC and adding the boundary constraints:
Here, Y ∈ ℜ n×n is a given matrix, Γ : 
110
Based on the duality theory [33] , the solution to problem Eq (6) can be written as Then the squared trace norm regularizer is applied to solve the problem Eq (6),
The low-rank constraint on G is shifted to Θ ∈ P n since the ranks of Θ and G are 114 equal at optimality [34] .
115
We consider Θ = W W T , and ∥W ∥ F = 1. Then the minimized object Eq (7) can be 116 written as follows:
where
By definition, the gradient of h (W ) In fact, the Gram matrix after recovered are not completely accurate since the entries 128 sampled from the triangle inequality measurement and NOE experiment have some 129 errors. We perform a postprocessing system to improve accuracy of the rebuilt 130 structures [38] .
131
Fixing chiralities: Chirality is an essential factor to discuss the asymmetry in 132 stereochemistry [39] [40] . We perform two types of chirality constraints according 133 to [41] . First, we check the ramachandran angle Φ: if the fraction of positive Φ is 134 larger than 0.5, we simply fix the chirality by adding a negative sign in the When the D-form appears at the chiral centers, we fix it by exchanging the 138 coordinates of the group NH 2 and COOH.
139
BFGS refinement: It is a method for solving the unconstrained nonlinear 140 optimization problems [42] . We employ the functions and parameters in ref [41] 
where D ij is the actual distance between hydrogen atom i and j. 
NOE-based-model
213
We compare the rebuilt structures using Riemannian approach with NMR structures 214 in terms of metrics on structure similarity, stereochemical quality, restraint violations, 215 and Ramachandran analysis. The NMR structures which are deposited in the PDB 216 are labeled as reference structures.
217
Structure similarity. We take the X-ray structure as the standard structure, and 218 calculate the TM-score/GDT-TS with respect to them for the rebuilt structures and The RMSD values of reference structure and rebuilt structure are measured based 225 on corresponding X-ray structure, respectively. We calculate the ratio of the two 226 RMSD values (r rmsd) to characterize the quality of our reconstructed results. When 227 the ratio is not larger than 1, we say our result is comparable with the PDB reference; 228 otherwise, our reconstruction is worse. The results are shown in Fig 3 and S3 Table. 229
We can see that more than half of the rebuilt structures are comparable or even better 230 April 2, 2019 Fig 2. The TM/GDT-TS scores of reference structure and rebuilt structure. (a)/(b) is the TM/GDT-TS score of reference structure and rebuilt structure (with Riemannian approach) using the X-ray counterparts as template. The TM/GDT-TS value of the reference structure is plotted on the X-axis. While the value of Riemannian approach is displayed on the Y-axis. And the oblique lines in (a-d) represent y=x. in comparison to reference structures. We calculate the average percentage of the 231 pre-known distances for the proteins with r rmsd<1 and r rmsd>1, respectively. For 232 the former one, the percentage is about 0.72% ± 0.24%, while for the latter one it is 233 about 0.56% ± 0.15%. Hence, we argue that the bad performance for some proteins is 234 due to limited distance measurements. In Fig 4, we select four proteins with r rmsd<1 235 and show the superimposition of X-Ray, NMR, and rebuilt structure by Tr algorithm. 236 Clearly, the rebuilt structure appears closer to the X-ray counterparts compared with 237 reference structure. For clarity, we calculate the Cα pairwise distances between the 238 reconstructed structure and X-ray counterpart as well as those between the reference 239 structure and X-ray (as shown in Fig 5) . we can see that in some region our rebuilt 240 structure are significantly similar to X-ray structure than PDB NMR deposits. These 241 regions may be significant on biological conformation [56] . 
